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ABSTRACT
The early optical afterglow emission of several gamma-ray bursts (GRBs) shows a high linear po-
larization degree (PD) of tens of percent, suggesting an ordered magnetic field in the emission region.
The light curves are consistent with being of a reverse shock (RS) origin. However, the magnetization
parameter, σ, of the outflow is unknown. If σ is too small, an ordered field in the RS may be quickly
randomized due to turbulence driven by various perturbations so that the PD may not be as high
as observed. Here we use the “Athena++” relativistic MHD code to simulate a relativistic jet with
an ordered magnetic field propagating into a clumpy ambient medium, with a focus on how density
fluctuations may distort the ordered magnetic field and reduce PD in the RS emission for different σ
values. For a given density fluctuation, we discover a clear power-law relationship between the relative
PD reduction and the σ value of the outflow. Such a relation may be applied to estimate σ of the
GRB outflows using the polarization data of early afterglows.
Subject headings: gamma-ray burst: general - galaxies: jets - polarization - magnetic fields - shock
waves - magnetohydrodynamics (MHD)
1. INTRODUCTION
The jet composition and energy dissipation, particle
acceleration and radiation mechanisms of GRBs have not
been identified and thus are subject to debate (Kumar
& Zhang 2015, for a recent review). Leading models in-
clude the matter-dominated fireball shock models (e.g.
Goodman 1986; Paczynski 1986; Rees & Meszaros 1994;
Me´sza´ros & Rees 2000) and the Poynting-flux-dominated
magnetic dissipation models (e.g. Lyutikov & Blandford
2003; Zhang & Yan 2011; McKinney & Uzdensky 2012;
Deng et al. 2015, 2016). Growing evidence suggests that
the GRB jets carry a dynamically important magnetic
field, so that magnetic reconnection may play an impor-
tant role in producing observed GRB prompt emission
and afterglow emission.
One piece of such evidence comes from the observa-
tions of the early optical afterglow of GRBs, which is
dominated by a rapidly decaying (∝ t−2) segment early
on from the external reverse shock (RS) (Akerlof et al.
1999; Me´sza´ros & Rees 1999; Sari & Piran 1999; Gomboc
et al. 2008; Gao et al. 2015). Modeling such a component
suggests that the RS is more magnetized than the for-
ward shock (FS), so that the GRB jet is more magnetized
than the ambient medium (Fan et al. 2002; Kumar &
Panaitescu 2003; Zhang et al. 2003; Zhang & Kobayashi
2005). This is consistent with the scenario that prompt
emission is powered by magnetic reconnection and turbu-
lence with a moderate magnetization parameter σ in the
prompt emission region (Zhang & Yan 2011). On the
other hand, when the jet is decelerated by an ambient
medium (when the RS propagates through the ejecta),
the σ value of the ejecta cannot be very high. Other-
wise, the RS would be weak or suppressed (Zhang &
Kobayashi 2005; Mimica et al. 2009, 2010; Mizuno et al.
2009), contrary to the observations.
Direct proof of such a scenario comes from the polar-
ization observations of the early optical emission of some
GRBs. Steele et al. (2009) discovered an ∼ 10% po-
larization degree (PD) of the early RS optical emission
from GRB 090102. Mundell et al. (2013) for the first
time measured the “polarization light curve” of GRB
120308A, which shows an ∼ 28% PD at 4 minutes af-
ter the GRB, which is reduced to ∼ 16% PD over the
subsequent 10 minutes as the FS emission contribution
becomes stronger. These observations suggest that an
ordered magnetic field in the RS region exists (Lan et
al. 2016). However, the σ value of the RS emission can-
not be easily diagnosed based on the PD and light-curve
data.
For a relativistic outflow, strong turbulence is likely
developed in the flow due to various perturbation mech-
anisms (e.g. density clumps in the ambient medium or
intrinsic irregularity within the flow). If σ  1, even
if an ordered magnetic field configuration may exist ini-
tially, turbulence may quickly randomize the field con-
figurations, which would greatly reduce the ordered field
component and the PD of synchrotron radiation. As a
result, based on the observed PDs of GRBs 090102 and
120308A, one may be able to place a lower limit on the
σ values of the outflows. To do this, detailed numerical
simulations are needed.
The main goal of this work is to investigate the re-
silience of the ordered magnetic fields in a relativistic
jet against the density-fluctuation perturbations from the
ambient medium as well as the resultant reduction of the
PD of synchrotron radiation due to such perturbations.
To achieve this goal, we have chosen to solve a simplified
problem, i.e. to simulate how an ambient density fluc-
tuation alters the initially parallel magnetic fields in a
relativistic jet. A more realistic problem would invoke a
partially ordered magnetic field configuration (after the
GRB prompt emission phase, which resulted from dis-
ar
X
iv
:1
70
4.
03
46
8v
2 
 [a
str
o-
ph
.H
E]
  2
1 J
ul 
20
17
2 Deng et al.
sipation of magnetic fields) in a conical jet (in which a
Rayleigh-Taylor (RT) instability would play a role to fur-
ther destroy ordered magnetic fields). In any case, our
results present a “lower limit” of the relative PD reduc-
tion for a certain σ value, which may be potentially used
to constrain the “lower limit” of σ in a GRB outflow once
a PD is measured. The simulations are presented in Sec-
tion 2. The simulation results, especially a relationship
between the relative PD reduction and the initial σ value
of the ejecta are presented in Section 3. The results are
summarized in Section 4 along with a discussion on their
applications to the GRB problem.
2. PROBLEM SETUP
We use the relativistic MHD code “Athena++” (White
et al. 2016) to simulate the dynamical evolution of
the outflow, and the “3DPol” multi-zone polarization-
dependent ray-tracing radiation code (Zhang et al. 2014)
to model the PD of synchrotron radiation in the RS re-
gion.
We perform our simulations in the “lab” frame. We
set up a jet that propagates in the z direction with a rel-
ativistic speed into an ambient medium at rest (Fig. 1).
In order to isolate the problem in testing the resilience
of ordered magnetic fields against density perturbation,
we adopt several simplified assumptions. First, the jet
has a planar geometry, i.e., the cross-section of the jet
does not expand with time (as is the case of a conical
jet). This would reduce other factors, such as the RT in-
stability (Duffell & MacFadyen 2013), to deform ordered
magnetic fields. Second, we assume a parallel magnetic
field configuration within the simulation domain in the
unshocked region. In principle, after prompt emission,
the magnetic field configuration is expected to be some-
what distorted. Adopting a simple magnetic field con-
figuration, on the other hand, can remove other effects
and allow us to concentrate on the density perturbation
effect on destroying the ordered fields. The global mag-
netic field configuration of a GRB ejecta may not be ap-
proximated as the simple parallel configuration we use.
However, a GRB observer only observes emission from a
1/Γ cone, in which a toroidal magnetic field configuration
(e.g. Lyutikov et al. 2003; Deng et al. 2015) can be ap-
proximated as being approximately parallel (e.g. Lazzati
2006).
For the planar geometry problem, it is convenient to
simulate the jet propagation problem using a 2D rather
than a 3D box1. The effective resolution of the simula-
tions is ∆y ≈ ∆z ≈ 0.0012L0, where L0 is the length nor-
malization factor between code units and physical units.
The entire simulation frame has 20L0 in the z direction
and 0.156L0 in the y direction. Since the simulation box
may be regarded as a patch inside the 1/Γ cone of the
entire thin shell in both of the radial and the transverse
directions, we set up a periodic boundary condition in
the y direction and an inflow boundary condition in the
lower boundary of the z direction.
As the jet runs into the medium, four regions are de-
veloped: (1) unshocked medium, (2) shocked medium,
(3) shocked jet, and (4) unshocked jet. Our initial con-
ditions define the parameters in regions 1 and 4. We use
1 Even though the simulation box is essentially 2D, all the vec-
tors are solved in 3D.
the subscripts “4” and “1” in the following parameters
to denote the unshocked jet and the unshocked medium,
respectively, Γ4 is the initial jet Lorentz factor, n is the
number density, and P is the thermal pressure. The pa-
rameters are all in the code units (Table 1). One can
convert them to the physical units by assigning L0 and
the typical magnetic field strength B0 to certain values.
For example, if one takes a typical physical parameters
L0 = 3 × 1013 cm, one then has the time normalization
parameter t0 = L0/c = 10
3 s in the frame, which corre-
sponds to tobs ∼ t0/Γ24 = 10 s in the observer frame. Our
simulation lasts for 19t0, which corresponds to ∼ 190 s
in the observer frame, a time scale shorter than the de-
celeration time (or RS crossing time) for Γ4 = 10. This
is also consistent with the estimate that the simulation
scale 20L0 = 6 × 1014 cm is shorter than the thickness
of the shell Rdec/Γ
2 = (1015 cm)Rdec,17Γ
−2
4,1, so that the
simulation box is only part of the global jet.
For a conical jet at the RS crossing time (which is also
the deceleration time), the shock jump conditions at both
FS and RS gives a relation (Sari & Piran 1995; Zhang &
Kobayashi 2005)2
n4
n1
=
Γ221 − 1
Γ234 − 1
, (1)
where Γ21 and Γ34 are the relative Lorentz factors be-
tween upstream and downstream at the FS and RS, re-
spectively. For a thin shell (Γ34 & 1), which is rele-
vant for most GRB problems, one gets a rough relation
n4/n3 ∼ Γ24. Since our simulation does not introduce a
conical jet (for which n4/n1 decreases with time), we set
up n4/n1 = Γ
2
4 by hand to mimic the physical condition
at the deceleration time.
The initial setup of the number density distribution is
shown in Fig. 1a. The high density ejecta (n4 = 100) and
the low density ambient (n1 = 1) are separated at the
position z = 1. Some density clumps are introduced in
the ambient medium to mimic density fluctuation. The
density profile of each clump is delineated in the form
n = n1 + C · e−r, where r is the distance away from the
center of the clump, and the displacement between the
centers of two neighboring clumps are ydisp = 0.04L0
and zdisp = 2L0, and C = 100 is the amplitude of the
fluctuation3. The initial magnetic field configuration is
assumed to be uniform in the jet, with By,4 only in the
co-moving frame. In the lab frame, an electric field com-
ponent in the x direction (Ex,4) with a similar amplitude
as By,4 (self-consistently determined by By,4 and Γ4) is
introduced so that a Poynting flux is coupled with the
jet in the lab frame. Different values of By,4 are ex-
plored, which correspond to different initial values of the
magnetization factor σ4 in the ejecta. Since the initial
thermal energy is much smaller than the kinetic energy,
σ4 can be calculated as σ4 ≈ B2y,4/4piΓ24nmpc2, where
2 To derive this formula, the adiabatic index γˆ has been assumed
to be Γ-dependent, i.e. γˆ = (4Γ + 1)/3Γ (e.g. Kumar & Granot
2003; Uhm 2011).
3 The degree of distortion depends on the distribution and am-
plitude of the clumps. A denser distribution of the clumps tends to
distort the RS more significantly, leading to a larger PD reduction
for a certain initial σ value. We choose a relatively sparse distribu-
tion of the clumps to set a more conservative “lower limit” of the
relative PD reduction.
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mp is the proton mass and c is the speed of light. The
typical Lorentz factor (Γ4) of GRBs at the deceleration
phase is around several hundred (e.g. Liang et al. 2010).
Such a large Lorentz factor is not easy to achieve for sta-
ble simulations. We set up two sets of simulations with
Γ4 = 10, 20, respectively
4 (Fig. 1b). Although these val-
ues are smaller than the true Lorentz factor of GRBs at
the deceleration phase, the simulation can nonetheless
catch the key physics explored in this paper. The two
different values Γ4 adopted in our simulations can reflect
the dependence of results on the initial Lorentz factor.
The parameters for all the simulation models are listed
in Table 1. Model 0 is the reference model without den-
sity fluctuation and magnetic field in the jet, which is
used to test the basic evolution process of the blast-
wave. The simulation results are fully consistent with
analytical solutions, suggesting the validity of relativis-
tic Athena++. Models 1-5 have the same density fluc-
tuations but different σ4 (and hence By,4) in the ejecta.
This allows us to explore how magnetic field distortion
and the resulting PD vary with σ4. Models 6-10 have a
different initial Lorentz factor (Γ4=20) corresponding to
Models 1-5 (Γ4=10), which is a preliminary test of the
effect of Γ4.
The σ4 values are set to be below unity based on two
considerations. (1) Significant magnetic dissipation has
likely occurred during the prompt emission phase (Zhang
& Yan 2011; Deng et al. 2015), so that the σ of the out-
flow has significantly reduced beyond the prompt emis-
sion radius. There is a continuous decrease of σ as the
jet expands and at the deceleration radius, σ4 is likely
below unity (e.g. Gao & Zhang 2015). (2) The RS is
weak or does not exist if σ4 is above unity (Zhang &
Kobayashi 2005; Mimica et al. 2009; Mizuno et al. 2009).
Since observationally one does observe the RS emission,
σ4 cannot be too high.
  
a   number density b    Lorentz factor c             By
Y
Z
Fig. 1.— Initial setup of the number density distribution (a),
the Lorentz factor distribution (b), and the initial magnetic field
By distribution (c) for Model 3. The front of the jet is located at
z = 1 initially and propagates upwards to the ambient medium.
4 The maximum Γ that the code can handle is higher and varies
depending on the values of other parameters, e.g. σ.
TABLE 1
The initial parameters of the simulation models
Group 1: Γ4 = 10
Models σ4 By,4 Γ4 n4 n1 P4 P1
0 0 0 10 100 1 1 0.01
1 0.1 31.62 10 100 1 1 0.01
2 10−2 10 10 100 1 1 0.01
3 10−3 3.162 10 100 1 1 0.01
4 10−4 1 10 100 1 1 0.01
5 10−5 0.3162 10 100 1 1 0.01
Group 2: Γ4 = 20
Models σ4 By,4 Γ4 n4 n1 P4 P1
6 0.1 63.24 20 100 1 1 0.01
7 10−2 20 20 100 1 1 0.01
8 10−3 6.324 20 100 1 1 0.01
9 10−4 2 20 100 1 1 0.01
10 10−5 0.6324 20 100 1 1 0.01
3. RESULTS
3.1. The representative case: Model 3
We first present the detailed evolution of the repre-
sentative case of Model 3 (σ4 = 10
−3). The zoom-in
contour plots of the number density (Fig. 2b) and the
two components of the magnetic field, By (Fig. 2c) and
Bz (Fig. 2d) are presented at t = 8t0, where t0 = L0/c
is the time normalization factor between the code and
physical units. As a comparison, we also show the den-
sity contour of Model 0 in Fig. 2a. One can see that
the surface of the contact discontinuity (CD, the sepa-
ration between the yellow and the red regions) is highly
distorted in Model 3 due to the perturbation of the den-
sity clumps. Also, in the RS region, the initially pure
ordered magnetic field By is significantly distorted and a
significant Bz component is generated. This significant
topological change of the magnetic field would inevitably
lead to the reduction of the synchrotron radiation PD in
the RS emission.
  
c     By   t=8
       (Case 3)
a   Density t=8
      (Case “0”)
b   Density t=8
      (Case 3)
d     Bz   t=8
       (Case 3)
Y
Z
Fig. 2.— Zoom-in cuts of our simulation results for Model 3
(σ4 = 10−3) at t=8 t0. Panel (a) is the density contour plot of
Model 0 as a reference. Panels (b), (c), and (d) are the number
density, By , and Bz contour plots of Model 3. The magnetic field
lines are significantly distorted by the density fluctuations, and a
significant Bz component is developed.
Figure 3 shows the synchrotron radiation PD evolution
of Model 3. To calculate the polarization evolution, we
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use the same method used in our previous work (Deng et
al. 2016; Zhang et al. 2016). We first define the region be-
tween the CD and the RS in the surface density contour
as the region where RS emission comes from. In order
to handle the highly distorted CD surface, we develop
a numerical approach to define the complex CD profile
based on a sharp density discontinuity in the numerical
cells. We then uniformly inject particles with a non-
evolving power-law energy distribution (Ne = Ne,0γ
−2.5
e ,
where γe ∈ (10, 106) and Ne,0 is an arbitrary normaliza-
tion factor5) in the entire RS region. Next, we use the
“3DPol” multi-zone polarization-dependent ray-tracing
radiation code (Zhang et al. 2014) to calculate the evo-
lution of the PD from the RS region based on our MHD
simulation results. The polarization calculations are car-
ried out by post-processing the MHD simulation results
with particles injected every two time steps in the MHD
simulation. From Fig. 3, we show that the PD quickly
(in ∼ 2t0) drops from the initial high value to a lower
value. This is caused by the distortion of magnetic fields
due to density fluctuations. In long term, the PD grad-
ually recovers due to the resilience of the magnetic field
lines. However, we believe that such a recovering ef-
fect may be artificial. By considering a more realistic
global magnetic configuration (Deng et al. 2015) and the
Rayleigh-Taylor instability in the conical shell (Duffell &
MacFadyen 2013), one would expect that the distorted
B configuration may not be easily recovered. In the fol-
lowing discussion, we focus on the minimum value in the
PD curve and use it to define the reduction of PD from
the original value.
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Fig. 3.— Polarization evolution of Model 3 (σ4 = 10−3). It shows
a significant PD drop initially due to the distortion of the magnetic
field by the ambient medium density fluctuation. The later PD
gradually increases, but it is mainly due to the simplification of
our model and most likely does not exist in the real situations.
3.2. Relationship between PD reduction and σ
We run other Models with different initial σ4 for each
group of Γ4, and display the initial PD and final PD in
Fig. 4a. For the uniform magnetic field distribution and
5 We do not simulate the light curve and spectral evolution in
our radiation calculation. The simulated PD and PA evolutions
do not depend on the particle number normalization factor (Ne,0),
which can be taken as an arbitrary number in our polarization
calculations.
a planar geometry, the maximum PD allowed for syn-
chrotron radiation, i.e. Π = (p + 1)/(p + 7/3) ' 72%
for p = 2.5 (Rybicki & Lightman 1979), can be achieved.
After density perturbation, one can see that the mini-
mum PD in the RS region clearly scales with σ4 for each
group of Γ4. The smaller the σ4 value, the lower the
minimum PD. In reality, the field configuration after the
prompt emission phase must have been distorted due to
magnetic dissipation processes such as internal-collision-
induced magnetic reconnection and turbulence (Zhang
& Yan 2011; Deng et al. 2015), the initial Π in the RS
crossing phase must be lower than 72%. As a result, the
relative PD reduction, defined as ξ = (Π0 − Πmin)/Π0,
may be more relevant. This is plotted in Fig. 4b, which
clearly shows a decrease of the relative reduction with
increasing σ4 for each group of Γ4. Fits to this power-
law regime (σ4 = 0.1 removed) give empirical relations
ξ = 6.0σ−0.214 for the group of Γ4 = 10, and ξ = 1.0σ
−0.37
4
for the group of Γ4 = 20.
The behavior may be understood in terms of pressure
and energy. One may consider the problem in the rest-
frame of the RS region, in which the RS region is a target
with growing thickness (as the RS front propagates into
the jet) while the density clumps are bullets penetrating
into the target. In our simulations, the ram pressure (Pr)
and kinetic energy (EK) of the density clumps remain
the same for different models. The co-moving magnetic
pressure (PB = B
′2/8pi) varies with σ in different mod-
els, and the co-moving magnetic energy (EB) varies with
σ and also with time as the volume of the RS region ex-
pands. In all our models, Pr is designated to be greater
than PB , so that the magnetic field configuration can be
distorted. When σ is small, the magnetic field is dynam-
ically unimportant. The magnetic amplification factor
across the RS front depends on Γ only when the initial
density and pressure ratio are fixed, so that the magnetic
pressure in the RS region would scale linearly with σ in
logarithmic space for each group of Γ4. This is indeed
seen from the numerical data in Fig. 4c. Since the mag-
netic pressure is the main stabilizer of the magnetic con-
figuration against density-fluctuation perturbation, and
the relative PD reduction therefore follows a power-law
relation with σ in the σ  1 regime. We also find that the
power-law indices are different between two groups with
the different initial Lorentz factor, which means that the
indices may be a function of the initial Lorentz factor, the
initial density and pressure ratio, and the amplitude of
the ambient density perturbation, which need additional
investigation in the future.
When σ4 is higher than 0.01, the magnetic field starts
to affect the RS dynamics, which would decrease the RS
strength and the compression ratio and in the meantime
increase the reverse shock speed in the CD frame. Al-
though the magnetic pressure increases more slowly (Fig.
4b) due to the weaker RS, the thickness of the RS region
and hence the magnetic energy increase more rapidly
due to the faster RS speed (Zhang & Kobayashi 2005;
Mimica et al. 2009; Mizuno et al. 2009). Even though
the field configuration close to CD is distorted more, the
field configuration from the far end of CD (close to the
RS front) is less perturbed due to the larger volume of
the RS region so that, on average, the field configuration
in the entire RS region is less perturbed. This explains
Polarization of magnetized reverse shock emission 5
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Fig. 4.— (a) The initial and the minimum values of PD dur-
ing the PD evolution for different initial σ4, (b) the relationship
between the relative PD reduction and initial σ4, and (c) the re-
lationship between the magnetic pressure in the co-moving frame
of the RS and σ4. Both show a power-law relationship when σ4 is
relatively small (σ4 < 0.01).
the roll-over in the PB − σ relation in Fig. 4c, and the
relatively small PD reduction at higher σ in Fig. 4b.
4. CONCLUSIONS AND DISCUSSION
In this paper, we explore how resilient a magnetic field
is in a relativistic jet against density perturbation from
the ambient medium in view of the recent observations
of moderately high linear PD in some GRB early optical
afterglows (Steele et al. 2009; Mundell et al. 2013). The
motivation is to set a possible lower limit on the σ value
of the outflow based on the data. In view of the com-
plication of the GRB RS problem, we limit ourselves to
a cylindrical-like jet with a planar geometry and an ini-
tially uniform ordered magnetic field configuration. By
introducing a perturbation due to density fluctuations
from the ambient medium, we investigate how the dis-
tortion of magnetic configuration and reduction of PD
depend on the σ parameter of the jet. As expected, our
numerical simulations using the relativistic Athena++
code show more significant reduction of PD with de-
creasing σ. The numerical results show an interesting
power-law behavior between the relative PD reduction
and σ, which may be applied to place constraints on the
jet composition of GRBs. For example, if at the end
of GRB prompt emission the PD is of ∼ (10% − 40%)
(e.g. Deng et al. 2016), the detection of ∼ 10% PD in
GRB 090102 (Steele et al. 2009) and ≥ 28% in GRB
120308A (Mundell et al. 2013) at the early stage of the
RS dominant phase6 suggest that the PD is not reduced
significantly in the RS region. Since turbulence is ubiq-
uitous in a GRB environment (Zhang & Yan 2011), the
preservation of such a moderately high degree of PD sug-
gests a relatively strong B field in the RS region. The
low-σ cases (e.g. σ4 < 10
−3) may be ruled out. This con-
clusion is consistent with light curve modeling of GRB
early afterglows that shows a relatively large magnetic
microphysics parameter ratios between FS and RS (Fan
et al. 2002; Kumar & Panaitescu 2003; Zhang et al. 2003;
Mimica et al. 2010; Gao et al. 2015).
Other effects not included in the current simulations
include the possible RT instability in a conical jet ge-
ometry, the initial more complicated magnetic configu-
ration directly adopted from our previous simulations of
prompt emission (Deng et al. 2015), and the 3D effect
that in principle can lead to more tangled fields. We
plan to investigate these effects in future more detailed
studies. In any case, all of these parameters tend to
further destroy the ordered magnetic field configurations
and reduce the PD in the RS emission. The PD values
obtained in this paper are conservative upper limits. The
σ constraints using the results obtained from this paper
can be regarded as conservative lower limits.
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